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An efficient Bayesian uncertainty quantification approach is proposed, which combines the adaptive high
dimensional model representation technique (HDMR) and stochastic collocation (SC) method based gen-
eralized polynomial chaos (gPC) to construct the surrogate for sampling procedure in Bayesian calibration
step. Specifically, the adaptive HDMR technique is used to decompose the original high dimensional prob-
lems into several lower-dimensional subproblems, which are subsequently solved with the gPC-based SC
method. Then the Bayesian calibration and prediction are carried out with the so-constructed surrogate
model. A new indicator based on the variance of the corresponding component function is employed to
identify the important components of the HDMR, instead of the original one based on the impact on the
output mean, as the input parameters that can be well informed in the inverse problem are the ones that
the model output is sensitive to. Further, a rigorous convergence study of the approximate posterior to
the true posterior is carried out for the proposed approach. Its applications to both a simple mathematical
function and a complex fluid dynamic model, i.e. k-w-y transition model, are investigated, demonstrating
both its efficiency and accuracy. In the application to k-w-y transition model, the results show not only
a quantified uncertainty overlapping well with the experimental data, but also a great improvement of
the match between the prediction mean and the experimental data, which may be due to the further
account of the intermittency through the spread of the model parameters.

© 2017 Published by Elsevier Ltd.

1. Introduction

Hypersonic boundary layer transition is not only of fundamen-
tal interest in fluid dynamics, it is also of great practical relevance
in the design of many aerodynamic configurations at hypersonic
speeds. Despite the rapid development of Direct numerical sim-
ulation (DNS) technique, Reynolds-averaged-Navier-Stokes (RANS)
model and empirical eN method are still the main tools for transi-
tion predictions in engineering applications, due to its affordabil-
ity compared to DNS. A local-variable-based RANS model, namely
k-w-y model, has been proposed recently, which can successfully
simulate three-dimensional (3-D) high-speed aerodynamic flow
transition with a reasonably wide range of Mach numbers [1,2].
However, flow transition to turbulence is a very complex process,
involving receptivity process, linear modal growth, mode interac-
tion, final breakdown to turbulence etc. [3], which cannot be cor-
rectly simulated by RANS model. Transition prediction with RANS
model is highly unreliable and the aim of this work is to quantify
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the uncertainty of the quantity of interest (Qol) in the hypersonic
boundary layer transition simulations with k-w-y model.

In the pioneering work of Kennedy and O’Hagan [4], the
Bayesian calibration technique for a general computer model is
presented and the uncertainties are classified into parameter un-
certainty, model inadequacy, residual variability, parametric uncer-
tainty, observation error and code uncertainty. The uncertainty of
RANS predictions mainly comes from the first two sources, param-
eter uncertainty and model inadequacy. The former represents the
uncertainty due to the lack of knowledge of the model parame-
ters and the latter represents the discrepancy between true phys-
ical observation and model output at optimal model parameters.
A number of studies have focused on the parameter uncertainty.
Cheung et al. [5] have applied Bayesian uncertainty analysis to
Spalart-Allmaras (SA) turbulence model for wall-bounded incom-
pressible turbulent flow at variable pressure gradients. They em-
ployed three different stochastic models for inadequacy terms and
compared them in terms of model plausibility and prediction of
Qols. Oliver and Moser [6] extended the work of Cheung et al. by
considering four stochastic extensions of four eddy viscosity turbu-
lence models. They proposed a more complex stochastic model to
take account of the multi-scale structure of the boundary layer. In
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Ref. [7], Edeling et al. estimated the parameter variability within
and across the scenarios (i.e. at different pressure gradients) under
the Bayesian framework. Further, they [8] utilized Bayesian Model-
Scenario Averaging approach to synthesize the results of 5 tur-
bulence models at 14 scenarios, resulting a substantial improve-
ment in both prediction mean and variance. Bayesian parameter
estimation was also used for other flow configurations, e.g. Jet-in-
Crossflow [9] etc. Besides, parameter uncertainty of RANS models
has also been assessed in Ref. [10], with the input uncertainty im-
posed through a prior distribution, based on an extensive literature
survey about the parameter dispersion.

Besides parameter uncertainty mentioned above, model-
inadequacy is also a major source of uncertainty in RANS predic-
tion and quantifying and reducing this uncertainty have raised the
research interests recently in the field. Dow and Wang [11]| em-
ployed the Bayesian approach to infer the turbulent viscosity from
DNS data. In Ref. [12], Emory et al. proposed an approach to
quantify the uncertainty directly through Reynolds stress. In Ref
[13], Gorle and laccarino carried out uncertainty quantification of
turbulent scalar flux models, taking account of the uncertainty
directly through Reynolds stress. In Ref. [14], Duraisamy et al.
proposed a data-driven approach for turbulence and transition
modeling, which consists mainly of injecting the functional form
of deficiencies inferred by experimental data into simulations to
obtain more accurate predictions. A data-driven, physics-informed
Bayesian approach has been proposed recently by Xiao et al. [15],
taking account of the model-form uncertainty directly through
Reynolds stress and an iterative ensemble Kalman method was
used to incorporate the prior knowledge and the experimental
data.

The RANS turbulence models have been the main focus of the
previously mentioned work. The research of uncertainty quantifi-
cation for RANS transition modeling is rather limited. An excep-
tion is the work of Pecnik et al. [16], in which they applied UQ
for laminar-turbulent transition in turbo-machinery configurations,
using the y — Rey, model of Menter et al. [17], but only a forward
uncertainty propagation is carried out and the input uncertainty is
imposed through a prior distribution. Bayesian uncertainty analy-
sis provides a rigorous approach to quantify the uncertainty aris-
ing from the mathematical modeling and simulation, and to incor-
porate the prior knowledge and experimental data systematically,
through Bayesian data updating. Thus in this work, we apply the
Bayesian framework to quantify the uncertainty arising from the
k-w-y transition model in hypersonic transition simulations. We
focus on the parameter uncertainty and the model inadequacy is
simply termed as a multiplicative Gaussian random variable, as in
the work [5]. Modeling the inadequacy terms requires more phys-
ical insight of transition process and is a RANS modeling issue
rather than a UQ of an existed model. In this work we restrict our-
selves to the latter issue and treat k-w-y model as a black box.

A key step in this framework is the Bayesian calibration. After
identifying the prior distribution of the input parameters and con-
structing the stochastic model, the posterior distributions of the
model parameters are obtained through Bayes’ rule. This procedure
usually requires a sampling method, e.g. Markov chain Monte-Carlo
(MCMC) [18]. A large number of model evaluations, typically tens
of thousands, are required in the sampling procedure, which are
computationally expensive. A number of methods exist in the lit-
erature to reduce the computational cost while retaining the non-
intrusiveness of the corresponding approach, e.g. [19,20]. In Ref.
[21], Ma and Zabaras proposed an adaptive version of high dimen-
sional model representation technique (HDMR) to decompose the
original high dimension problem into lower dimension subprob-
lems and solved them with the adaptive sparse grid collocation
(ASGC) method [22] they proposed previously. The efficiency of
this approach is demonstrated with some mathematical functions

and also with a set of fluid-mechanic problems. In Ref. [23] Edel-
ing et al. improved the original Simplex-stochastic collocation (SSC)
[20] method and also combined it with the adaptive HDMR tech-
nique, resulting in an improved scalability. They applied this ap-
proach in a nozzle and an airfoil flow. These approaches have
only been applied in the forward problem and their application
to inverse problems hasn’t been explored yet. Marzouk and Xiu
[24] proposed a stochastic collocation approach to Bayesian infer-
ence in inverse problems and conducted a rigorous error analysis
for the approximate posterior. Several examples were carried out
to demonstrate the efficiency of the proposed method, including a
Burgers’ equation case and a genetic toggle switch case in biology.

In this paper we combine the adaptive high-dimensional
stochastic model representation (HDMR) technique [21] with the
stochastic collocation (SC) approach based on generalized polyno-
mial chaos (gPC) [24], to construct the surrogate model. Then this
surrogate model is used for Bayesian inference in the inverse prob-
lem. This idea is inspired by the work of Ma and Zabaras [21],
in which they combined the HDMR technique with the adaptive
sparse grid collocation (ASGC) [22] method to solve the forward
problem. The proposed approach can be seen as an extension of
the stochastic collocation approach proposed by Marzouk and Xiu
[24], by integrating it into the high dimensional model representa-
tion framework.

The paper is organized as follows: the Bayesian uncertainty
quantification framework is described in Section 2. In Section 3 the
surrogate model construction approach is described, including the
gPC-based stochastic collocation method and the HDMR technique.
The algorithm is summarized in Section 4. In Section 5 we demon-
strate the accuracy and efficiency of the proposed method through
a simple mathematical function. A comparison between the pro-
posed method and the exact model is given. After testing our ap-
proach with this simple mathematical function, we apply the ap-
proach to k-w-y transition modeling in hypersonic transition sim-
ulations in Section 6. The results are given in Section 6.4, includ-
ing both the posterior distribution of the input parameters and the
prediction mean with quantified uncertainty. Finally the conclusion
is drawn in Section 7.

2. Bayesian uncertainty quantification framework
2.1. General review

This part provides a brief description of the UQ framework,
following the work of [5,7]. The main steps are the specification
of the flow class and quantity of interest (Qol), the collection of
experimental data, the construction of the stochastic model, the
Bayesian calibration, and validation and prediction. As is pointed
out in Ref. [5], whether a model is considered valid or not depends
on its ability to predict the Qols to the required accuracy and pre-
cision, rather than to predict all aspects of the physical world. Thus
the identification of the Qols is a key issue and should be kept in
mind during the whole uncertainty quantification process. In this
work, we assume the Qols are observable for the corresponding
experiments and thus we use the observation of Qols as the data
to inform the model parameters.

In Bayesian framework, various forms of uncertainty, whether
aleatoric or epistemic, are all represented through probability. Thus
we can characterize the input parameter uncertainty by their prob-
ability density function (PDF). In the Bayesian calibration step,
the posterior distributions of the parameters are obtained through
Bayes’ rule:

p(d|z)p(2)

p(z|d) = W

(1)
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where random vector z represents the model parameter and d the
experimental observation. Since the denominator doesn’t depend
on z, we can omit it and obtain the un-normalized version of
Bayes’ rule:

p(z|d) « p(d|z)p(z) (2)

Here the prior distribution p(z) can be specified based on prior
knowledge and the calculation of the likelihood p(d|z) requires the
RANS model output and the experimental observation, combined
by the constructed stochastic model.

After calibration, the prediction step can be done by propagat-
ing the PDF of the input parameters through the simulation code
to obtain the PDF of the Qols. The so-obtained PDF is actually
the posterior distribution conditional on the experimental obser-
vation:

pdld) = / p(d. z|d)dz = / p(d|d. z)p(z|d)dz

- / p(d|z)p(z|d)dz (3)

This derivation follows from Ref. [7] and the last step in Eq. (3) fol-
lows by assuming d and d are conditionally independent given z.

2.2. Construction of the stochastic model

The stochastic model needs to be specified to calculate the like-
lihood function, and solve the inverse problem. Here we construct
the stochastic model by accounting for the model inadequacy sim-
ply through a multiplicative Gaussian random variable:

d=1+n).#(x.2) (4)

where 5 is a random vector with each component n; as zero
mean, independent and identically distributed Gaussian: i.e. n; ~
N (0,02). .#(x,z) is the output of Qols from our simulation
code, depending on the explanatory variable x (e.g. Mach number,
Reynolds number etc.) and the model parameter z. d represents
the true process and can be related to the experimental observa-
tion d as:

d=d+e (5)

Here e represents the measurement error, which is modeled as a
zero mean, independent and identically distributed Gaussian, i.e.
e;~ .4 (0,02). o is determined from the corresponding experi-
ments. Thus from Egs. (4) and (5) we can relate the model output
to the experimental observation, and we can obtain:

dlo,z~ /' (u, L) (6)
where
w=.#xz) and A =.#"(x,2)0%.#(X,z) + 621 (7)

Finally we denote # = (z, o) as the parameter to be calibrated and
the likelihood can be written as:

1 1ory 1
df) = —— ——3 A4 8
p(d|@) (zyz)Nd|x|eXp( 3 ) (8)

where N; is the dimension of the experimental observation, |A|
represents the determinant of A, and § =d — .7 (X, z).

2.3. Bayesian calibration and posterior model check

After constructing the stochastic model, we can carry out
the calibration process with the likelihood function calculated by
Eq. (8) and also an appropriate prior proposed based on the prior
knowledge of the model parameters. Here we use the uniform dis-
tribution for all the model parameters and parameter range is dis-
cussed in detail in Section 6.1. For sampling we employ an adaptive

Metropolis-Hastings MCMC sampler [25], as implemented in the
R [26] package MHadaptive [27]. The posterior density function is
approximated by the simple kernel estimation. After calibration, a
model check is carried out, which involves propagation of the pa-
rameter posterior through the model to obtain the distribution of
the Qols. The Bayesian prediction involves the same procedure, but
with a new unobserved case specification. For simplicity, the sam-
ples obtained in the calibration step are reused in the model check
step.

3. Surrogate model construction

With the prior distribution specified by the modeler and the
likelihood function calculated by Eq. (8), we can recast Eq. (2) as:

1 1or, 1
O0ld) « ——— —=8'L"68)po 9
pOId) o s exp (=58'7'8)p(6) (9)

Then an MCMC sampling is employed to obtain samples from the
posterior. This procedure involves a large number of evaluations
of .#(x,z), which is computationally prohibitive. Thus the con-
struction of a surrogate model for the forward problem is usually
needed. In this work, we employ the high dimensional model rep-
resentation technique (HDMR) to decompose the original moder-
ately high dimensional problems into several subproblems, which
are solved by the stochastic collocation method based on general-
ized polynomial chaos (gPC). The resulting surrogate model is then
used for the Bayesian inference in inverse problems. The novelties
of this work are: (1) the combination of the gPC-based SC method
and the HDMR technique, which is inspired by Ma and Zabaras
[21]; (2) the application of the so-constructed surrogate model to
Bayesian inverse problems, inspired by the work of Marzouk and
Xiu [24].

3.1. Stochastic collocation method based on gPC

In this section we describe the stochastic collocation method
based on generalized polynomial chaos, following the work of Mar-
zouk and Xiu. The interested reader may refer to [24] for further
details.

In the gPC-based stochastic collocation method, .#(z) (we omit
the explanatory variable x hereafter for brevity) is approximated
by:

Np

Ay, (@) =Y @P;(z) (10)
li|=0

where i= (iy,..., in,) is the multi-index with n, = dim(z), |i| =

iy +iy +...+1n,, and the orthogonal basis functions ®;(z) is de-
fined as:

Di(2) = ¢y, (z1) ... pi,, (zn,) (11)
where ¢m(z;) is the mth degree one-dimensional normalized or-

thogonal polynomial in the z, direction, with the corresponding
polynomial type determined by the distribution p(z;). And

Q
i =) #@M)P;z™)o™ (12)

m=1
where {z(™} are the nodal set at which we need to evaluate the
model output and o™ is the corresponding weights of the cu-
bature rules. A detailed discussion of determining the polynomial
type and the corresponding weight can be found in Ref. [28]. Here
in our work the Smolyak algorithm [29] based on one-dimensional
Clenshaw-Curtis quadrature rule is employed and the R package
GPC [30] is used for constructing the polynomials and evaluating
the corresponding (™). It is to be noted that to evaluate the surro-
gate //ZNP (z), only Q code runs are required and the computational
burden is greatly reduced.



214 J. Zhang, S. Fu/Computers and Fluids 161 (2018) 211-224

o0 —
2
2 o 4
§ o
a
~ -
o |
T T T T T
01 02 03 04 05
Z4
o -
- ]
- . o
g 2 - 2 o
[a) o
< o |
ST © T — T
0.1 -1.0 -05 0.0 05 1.0
Z4q Zp
o o
< - < [To RN
o o o
& 7] = i 2 o
- - —_— —:%/‘_—;\\ » -
N2 (= =)) N | (cas—— S é |
— . o
o o
N N o
o 1 T T T T o 1 T T T T T ) T T
01 02 03 04 05 -1.0 -05 00 05 1.0 0.20 0.30 0.40
Z 22 Z44

Fig. 1. The results by using the exact model. Only the posteriors of the first three most important dimensions are shown. The points in the figure represent the true values

of the parameters.

Table 1

The number of code runs required, for sparse grid based
on Smolyak algorithm [29], with various parameter di-
mensions N, and sparse grid levels I

=2 1=3 1=4 1=5 1=6
N,=2 5 13 29 65 145
N, =3 7 25 69 177 441
N,=4 9 41 137 401 1105
N, = 1 61 241 801 2433
N,=6 13 85 389 1457 4865

3.2. High dimensional model representation

The use of gPC-based stochastic collocation method can reduce
the number of code runs greatly, provided that the input dimen-
sion is low. The so-called curse-of-dimensionality results in an ex-
ponential increase in the required number of runs with dimension,
leading to a computational bottleneck for high dimensional prob-
lems. The number of the code runs required is shown in Table 1
for Smolyak sparse grid [29], as a function of parameter dimen-
sion and sparse grid level. As can be seen, even for a moder-
ately high dimensional problem, e.g. | =4 and N, =6, 389 code
runs are needed, which demands great computational efforts. Thus
we employ the high dimensional model representation technique
(HDMR) to decompose the original moderately high dimensional
problems into several subproblems with lower dimension to fur-
ther reduce the number of code runs. The adaptive high dimen-
sional stochastic model representation technique (HDMR) proposed
by Ma and Zabaras is employed and a brief description of this
technique is given here. The derivation below follows closely from

Maand Zabaras and the interested reader may refer to Ref. [21] for
further details.

The high dimensional stochastic model representation of .7 (z)
is defined as:

N,
M) = fo+) fi@)+ Y fiin@.z) + ..

i=1 1<iy<iz<N;
+ Z fia @i z) + o+ fra w2, 2n,)
1<ij<...<is<N;
(13)

Here the zeroth-order term fy represents the mean effects, the 1st-
order term fj(z;) the effects of the individual input parameter z;, the
2nd-order term f;, (z;,.2;,) the correlation effects of the input pa-
rameter z; and z;,. And the higher order terms represent the cor-
responding correlation effects of the underlying multiple parame-
ters. The Eq. (13) can be written in a more compact form, as in
Refs. [21,31]:

M(Z) = Z Ju(zu) (14)
uco

where 2={1,2,....Nz}, ful@) = fi, i@, -0 7)) for

u={ij,ip,...,is} and by convention f;(z4) = fo. Then the

component functions are determined by minimizing the error
functional:

2

fu(zu) | du(z) (15)
s}

/ M(Z) — (;:

uc{0.1,...,
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where 0 <s <N. The measure du(z) determines the corresponding
projection operator:

Pt @ = [ 4@ dps(@ (16)

where dit o\ y(2) = [lic o ign di (z;) With dp(z;) the marginal den-
sity of z;. Thus minimizing functional (15) results in :

fu(zu) = Pust (2) - Z fu(zv) (17)
vGu

And it can be easily verified that the resulting component func-

tions are orthogonal with the inner product defined by the mea-

sure du(z).

The measure du(z) remains to be determined to obtain the
component functions. To avoid the integral evaluation in Eq. (16),
the measure du(z) is simply chosen as ]'[?izl 8(z; — z;) in the CUT-
HDMR approach, where {z;} is the reference point. Thus the pro-
jection operator becomes:

Pyt (2) = »//(Z)|z:i\zu (18)

and the component functions of the CUT-HDMR can be obtained
as:

fo=# @), fi(z)=a(21,....2,....,2v,) = fo

f,‘,j(Z,‘,Zj) = (//Z(.i], o Zis e Zjy e ,21\]2) — f,'(Zl') — fJ(Z]) — fo
(19)

Thus finally .# (z) can be obtained from Eqs. (14) and (19) as:

@)=Y fa@) =3 S DM (@) ], (20)

uco uc vcu

The integration of HDMR and gPC-based SC comes straightforward
from Egs. (20) and (10):

@)~ Ms(2) = Y Y (DML, @) (21)
ucvcu

Instead of truncating the Eq. (21) to a certain order for all the di-

mensions, the adaptive HDMR proposed by Ma and Zabaras first

identifies the important dimensions, then only the correlations of

the important dimensions are considered. The weight of each di-

mension is defined as:

Wil
= Wl (22)
where
= Z(—l)lu‘ille[//ZNp (Zv)|z:i\zv] (23)

and the L, norm is defined in the model output space. A prede-
fined error threshold €4 is needed to identify the important di-
mension. Similar dimension adaptivity is extended to high order
correlation terms, as:

Wulls,

u e
I > vese, vi<ju vl

where .7 is the set of index whose component function has al-
ready been computed. Only the term fuy(zy) with a weight ny
greater than the threshold €; is kept and we put all the corre-
sponding index u into a set .7. Then for higher order terms, only
component functions fy(zy) where u satisfies the admissibility re-
lation (25), are calculated.

(24)

uesandvcu=sveJ (25)

Further a relative error p between two consecutive orders p and
p—1is defined as:

N ver wi=phv = Lvez jvi=p-1vllL,
” Zve9,|V|§p—]j‘l”L2

A threshold €, is predefined to decide whether the adaptive HDMR
construction process is converged.

(26)

1.0

e |U|
—— Iu

=1
[=2

0.8

Nu
0.4

0.2

0.0
1

1)

Fig. 2. The relative weights of each dimension, calculated with | = 5.

3.2.1. The weight of each dimension

The combination of the HDMR technique and gPC-based SC
method can be applied in forward problems without modification,
but in inverse problems the determination of the weight should be
modified. One should note that the weight of each dimension de-
termined by Eqs. (22) and (23) is an indicator of the impact of the
corresponding input parameter on the output mean, thus a faster
convergence and a smaller error in terms of the output mean can
be achieved, as demonstrated in Ref. [21]. But for inverse problems,
the input parameters that can be well informed are the ones the
model output is sensitive to, as demonstrated in Ref. [7] for the
inference of the model parameter in k — € turbulence model. Thus
in this work, for inverse problems, the relative weight of each di-
mension is determined by:

iy Il
Ni=— (27)
> Wi I,
where
Ju = var(fu(zo)] = Var[Z(_l)ul_lvl//ZNp (Zv)|zi\zvi| (28)

Similarly the relative importance for the high order correlation
terms is defined as:

Na = Wz,
= — el
> vi=fu WullL,

where Jy is defined as in Eq. (28). The relative error p is expressed
as:
_ ”var[2v59<|v|5p fl.l(zll)] - Var[Zveﬂ,\v\gpfl fu(zu)]”Lz

p= Ny iy fa @1l (30)

(29)

4. Algorithm summary

In this section, we summarize the Bayesian uncertainty quan-
tification approach that we proposed above. The convergence study
of the proposed approach can be found in Appendix A.

Remark. As the sparse nodal set is nested, every model evaluation
in the previous level can be used in the subsequent calculations,
rendering the current approach very efficient.
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Algorithm 1 The proposed uncertainty quantification approach.

1: Identify the model input-output mapping .#(z) and collect the
corresponding experimental data d. Specify the prior p(z).

2: Set the set « = as the set of the nodes where the model
evaluation has been done and %; = ¢ as the set of correspond-
ing model output. Set sparse grid level I, the gPC order N, =
I-1.

3: repeat

4 Construct adaptively the HDMR surrogate model //ZSN P(z) of
# (z) with each subproblem solved with gPC-based SC of order
Np. In this procedure model evaluations are carried out only for
the nodes that are not in <. Add the evaluated nodal points z,
into < and store the corresponding .# (z.) into %;.

5: Construct the stochastic model to obtain the likelihood
p(d|z) and combine with the prior p(z) to obtain the poste-
rior p(z|d) through Bayes’ rule.

6: l<1+1,Ny«<1-1

7: until the posterior converges.

8: The posterior is forward propagated through the surrogate
model .#s(z) to obtain the model output with quantified un-
certainty.

5. Application to a simple mathematical function

Here we apply the proposed approach to a simple mathemat-
ical function to demonstrate its accuracy and efficiency. The pro-
posed approach is expected to have great advantage in strongly
anisotropic cases, thus we propose the following function, inspired
by the Example 3 in Ref. [21] :

1+ o1z 1+ a1z
M (2) = ( 10 ; 10
1T+ 0z 1=z

where o; = 131%1 fori=1,...,10 and oq; = 0.1. The prior distribu-

tion of each model parameter is assumed as:
zi=%(-1,1) for i=1,..,11 (32)

The model inadequacy term is neglected and the posterior is ex-
pressed as:

p(ald) o ——— exp
Nz

where the dimension of the experimental observation N; = 2 and
A = diag(c2) where o, = 0.005. Here the experimental observation
is artificially generated by:

d= f///(zexact) +e (34)

where Zexger; =0.3 for i=1,.,11 and e; ~.4#(0,0¢) for i=1,2.
Five experimental observations so-generated are used in the re-
sults presented in this paper. To obtain the posterior distribution,
3 x 10° MCMC samples are generated, which are enough to guar-
antee the convergence of the MCMC chains. The “burn-in” length
is set to 10%. First the posterior is obtained by using the exact
model .#(z) and the results are shown in Fig. 1. Here we only
show the posterior of the parameter z;, z;, 211, as all the other pa-
rameters have little impact on the model output and thus haven’t
been well informed. As can be seen, z; and z;; are well informed
and z, remains almost the same as its prior. The results by using
the surrogate model constructed following Algorithm 1 are shown
in Figs. 2 and 3, with sparse grid level from 2 to 5. The weights
of each dimension calculated with different grid levels are almost
the same and only the weights calculated with [ =5 are given in
Fig. 2. As can be seen, z; and z;; are the first two most important
dimensions and account for 99.5% of the total variance of the first
order terms, thus only fo, f1(21), fi1(z11), fa, 11)(21, z11) are included

(31)

—%ﬂ“s) p(2) (33)

in the HDMR of .# (z). Then each subproblem is solved with a fix-
order gPC-SC method, and the results are shown in Fig. 3. As can
be seen, | =3 is sufficient to capture the corresponding posterior.
The Maximum A Posteriori (MAP) values are very close to the exact
values of the parameters. However, a discrepancy of the posterior
of z; is observed between the results of exact model and surrogate
model. This is due to the neglect of the other model parameters,
i.e. zp, which are strongly correlated with z;, as can be seen from
Fig. 1. Further inclusion of terms in the HDMR will result in a bet-
ter comparison with the posterior obtained with the exact model,
as can be seen from Fig. 4.

To be noted, here the reference values used in CUT-HDMR z is
zero, which is different from its exact value 0.3. This is done on
purpose to demonstrate the ability of the present approach even
when the nominal values of the model parameters aren’t optimal,
as is often encountered in practical situations. It is also worth not-
ing that if the weight of each dimension is determined by the im-
pact of the corresponding input parameter on the output mean,
z11 will be neglected, which is in fact one of the most important
dimensions. After successfully testing the proposed approach with
this simple mathematical function, we apply it to a complex and
time-consuming computer model, i.e., k-w — y transition model,
expecting to improve the prediction mean and also obtain the cor-
responding quantified uncertainty.

6. Application to k-w-y transition modeling
6.1. Transition model formulation

In this section, the k-w-y transition model proposed by Fu and
Wang is briefly described. The interested reader may refer to Ref.
[1] for further details.

This model is based on a k-w-y three-equation eddy-viscosity
concept with k representing the fluctuating kinetic energy, w the
specific dissipation rate and y the intermittency factor. The equa-
tions are formulated as:

9(pk) | 3(pusk) _a[(ﬂ+ Meff>ak} +Pi(ep) —€ (35)

at 3Xj _an Oy BXJ'

d(pw)  d(pujw) 9 |:<

at 8Xj X

— +“eff)a“’}+Pw—Dw+de
Xj

0w / 0X;
(36)

d(py) , pujy) _ 9 Her\ 0y
Jat * 8Xj _aixj M+ oy aixj +Py(Fonset)—€y
(37)

Here the effective viscosity fiq is the weighted sum of the non-
turbulent part and the turbulent part, i.e. :

Mefg = (1 =y )tne + ¥ It (38)
The non-turbulent part un: can be further expressed as:

Mt = Co x OkTyr (39)

Here t,; represents the characteristic timescale in the flow tran-
sition, as associated with different instabilities including 1st Mack
mode, 2nd Mack mode etc. In this work we consider only the 1st
Mack mode and 2nd Mack mode and the timescale is formulated
as:

1
Tnt =Tne1 + Tar2 X j[l +sgn(Mrel - 1)] (40)

where Tp =G4 x Sf}f'-“}/[(ZEu)O‘SV]O-S, Tarz = Cs x 2&,77/U(ys), and
Mye = (U — cr)/a. The effective length scale & is set as:

Epp=min(Cy x £,Cy x Iy, Cs x I) (41)
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Fig. 3. The results by using the surrogate model constructed following Algorithm 1, z;, zy; included as important dimensions. The points in the figure represent the true

values of the parameters.

where the boundary layer length scale & = d2Q/(2E,)%>, the tur-
bulence length scale I; = k9 /w, the length scale bound to avoid
stagnation point anomaly Iz = k%-5/(Cg|S|). Moreover, the intermit-
tency production and dissipation term are modeled as:

k \d
Py, = Cg x pFouser[—In(1 — V)]O'S 1+Gx /5= | =IVE
2E, v

Gy = )/Py (42)
where the function Fopger is given by:
Eor k03| VK|
Eset = 1.0 — exp <—c7 x %Tﬂ (43)

As can be seen, there are totally 9 parameters in this transition
model, without counting the parameters of the underlying k — w
turbulence model. Before carrying out the Bayesian calibration, we

can argue that there is a degree of redundancy between Cy, Cs
and Cg in determining the characteristic timescale T, as the 2nd
Mach mode is dominant in this model for hypersonic flows. Thus
we fix C; and Cg to their nominal values in the subsequent simula-
tions. Furthermore, we also fix C4 to its nominal value, which was
calibrated against the incompressible flow cases. To calibrate the
model parameters (Cy, C3, Cs, C7, Cg, Cy), denoted as z, we should
at first specify their prior distributions. Here in this work, we per-
turb the parameters’ nominal value by +10% to obtain the prior
range and use the uniform distributions for all the parameters. The
range of perturbation (4 10%) is determined by trial and error, in
order to guarantee the convergence of the calculations. However, it
is observed that transition can’t be triggered in certain parameter
configurations, so we further narrow the prior range of the corre-
sponding parameters in order to put the design points in the nar-
rowed stochastic domain, thus improving the accuracy of approxi-
mating the true response surface in the domain we are interested
in. The final prior range is reported in Table 2.



218 J. Zhang, S. Fu/Computers and Fluids 161 (2018) 211-224

o £ o7
< 7 s
e |U|=1 o J .
) ==
== |u|= 01 02 03 04 05
@ 2
o
©o _| o
o = < T
2 ']
s z °]
& &3 5 o
& 3
<« | R 5] .
o < S T T T
01 02 03 04 05 -1.0 05 00 05 1.0
Z 2z
N
o
N o
o | ] 5] ]
< B = - | 2z e
- g e z e
T T T T T T T T T T T T T 5 g_ (=) 3 ;:_L_Ag_j [
1 2 3 4 5 6 7 8 9 10 1" 12 1) 21 8 8 1
ST ST T t——
01 02 03 04 05 -1.0 05 00 05 1.0 0.20 0.30 0.40
u
Zy Z; Zn
(a) Relative weights (b) Posterior density

Fig. 4. The results by using the surrogate model constructed following Algorithm 1, z;, z3, z1; included as important dimensions. The component functions fy, fi(z1), f2(z2),
fu(zn), fa, 1)(z1, zu1) are included in the HDMR of .# (z) (sparse grid level | = 5). The points in the figure represent the true values of the parameters.

06
04
3 TR
g {111 HHHH'J"III
> | i
QU
JUEIREITIT
02 E i

0.5 0 0.5 1 15
X(m)
Fig. 5. The computational domain and the final mesh.
= . 7
=== |ul=1 z o
== |u|=2 5
[s]
© 0 -
o
(-2 L]
T T T T
© 230 235 240 245
Q
. cs
=
g
o
g | & N § :
i =
3 o 2 7
o - s 2
o < 8 3 A
S - °
T T T T T T T o | s
c2 c3 (=3 c7 c8 (= (C5.C9) h T T T T g i T T l. T T
230 235 240 245 440 460 480 500 520
u cs co
(a) Relative weights (b) Posterior density

Fig. 6. The results including both the relative weights and the posteriors, with the sparse grid level [ = 2. The points in figure (b) represent the nominal values of the
parameters.



J. Zhang, S. Fu/Computers and Fluids 161 (2018) 211-224 219

1.0

e |u|=1

0.6
|

MNu
0.4

0.0
|

c2 c3 cs cr c8 (=]

(a) Relative weights

(C5,09)

o
s
2
@
z
2 o |
2 8«
o
[s]
o
o )
T T T T
230 235 240 245
C5
N
: ] (&P 3
© =
_ ©
o . 8
o B 7 E 4
o . & -
o a < o
%1 =
s | s |
0 T T T T T Sl T T T T T
232 234 236 238 240 440 460 480 500 520
Cs [o¢]

(b) Posterior density

Fig. 7. The results including both the relative weights and the posteriors, with the sparse grid level | = 3. The points in figure (b) represent the nominal values of the

parameters.
e .
g
— |u|=1
—— |u
«© _]
=)
© ]
(=)
P
=
N 4
o
N
=)
o
(=]
I T T T T T T
cz c3 cs c7 cs c9 (Cs5.c9)

(a) Relative weights

Density
20 30 40
1 1

10
1

o [
T T T T

230 235 240 245

C5

T ), o~
2. (/CC;)// =4
0 &= =1
2 2> &8 |
S z 8
3 | g = |
o | -
o =)
s s ]
w T T T T T oS T T T T T
232 234 236 238 240 440 460 480 500 520
cs co

(b) Posterior density

Fig. 8. The results including both the relative weights and the posteriors, with the sparse grid level [ = 4. The points in figure (b) represent the nominal values of the

parameters.

Table 2
The prior range for model parameters and the
hyper-parameter o.

Coefficient  Left boundary  Right boundary

(&} 6300 7700
G 0.54 0.66
Cs 2.26 246
G 33 35
Cg 0.063 0.077
Gy 4374 534.6
o 0 0.5

6.2. Numerical methods and grid generation

All the numerical simulations are carried out in our in-house
three-dimensional compressible Navier-Stokes solver. The com-
pressible Navier-Stokes equations are solved with Roe’s implicit,
finite volume, upwind algorithm. By means of the monotone
upstream-centered schemes for conservation laws interpolation of
the primitive variables, the quantity in the inviscid fluxes is ob-
tained. The viscous flux terms are calculated by a second-order
central difference scheme. Lower Upper Symmetric Gauss Seidel
(LU-SGS) scheme is used for temporal integration. The no-slip, con-
stant wall temperature conditions are imposed. The mesh indepen-
dence study has been carried out and the final mesh used in this
work is shown in Fig. 5. The grid dimension is 401 x 231 and the
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near wall grid spacing is 5 x 10~7m, making y* = 0.1 at the end of
the plate.

6.3. Specification of the flow class and Qols

In this work, we are interested in the hypersonic boundary
layer transition over a flat plate with a relatively low inlet turbu-
lent intensity. The Qols are the non-dimensional heat flux (Stan-
ton number) along the streamwise direction, characterized by a
steep rise across the transition region, as can be seen in Fig. 10.
The input-output mapping can thus be denoted as .# (C) with C=
(G3,G5,Cs,C7,Cg,Cy). The experimental data from Mee [32] (Shot
6912 and Shot 6913) is used in the current investigation to demon-
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Fig. 11. The posterior distribution of .#s(C)(1 + 1), the non-dimensional heat flux
coefficient along the streamwise direction including the model inadequacy term 7.
The experimental data (Shot 6912 and 6913) is plotted with the 3¢ error bar.

Table 3
The flow condition corresponding to the experimen-
tal setup (Shot 6912 and Shot 6913 [32]).

Ma,, Teo P Res,/m Tw
12.1 kPa 300 K

6.1 800 K 4.9 x 10°

strate the ability of the present approach to quantify the uncer-
tainty efficiently and rigorously. The flow condition correspond-
ing to this experimental setup is reported in Table 3. Here in this
work only experimental data near the transition region is used and
the measurement error is estimated as zero-mean gaussian with
0. =3 x 10~°. More experimental data over different working con-
ditions should be included to inform the model and validate the
model through cross validation. Further, the parameter variability
across scenarios is believed to be large, thus will result in a large
uncertainty in the prediction of Qols. Whether to accept or re-
ject the underlying model is up to the decision makers’ require-
ment for the prediction precision, which is out of the scope of this

paper.
6.4. Results

The stochastic model is constructed following Section 2.2, with
the prior of the model parameters described in Section 6.1. The
prior for the hyper-parameter ¢ is also chosen as uniform distri-
bution and the corresponding range is also reported in Table 2.
5 x 105 MCMC samples are generated to estimate the posterior dis-
tributions, with a burn-in length of 10%. The results are shown in
Figs. 6-8, including both the relative weights and the posteriors,
with the sparse grid level from 2 to 4. As can be seen, C5 and
Cy are the first two most important dimensions and account for
over 90% of the total variance of the first order terms, thus only fj,
f5(Cs), fa(Ca), S5, 9)(Cs, Cg) are included in the HDMR of .#(C). The
posteriors are almost the same for [ = 3 and [ = 4, indicating gPC-
SC method with grid level | = 4 is sufficient in this case. The model
parameters are well informed, especially Cs. And the correlation
between Cs and Cq is weak, which may indicate C5 and Cg capture



J. Zhang, S. Fu/Computers and Fluids 161 (2018) 211-224 221
X=0.3m X=0.35m X=0.4m
o) © [+
o o o
o o o
c o c o c o
S o S o 8 o
] %) ®
=} =} O | sasbadedbiasibiaAliodabinadibnetikl
S S =]
S S S
= T T T T ST T T T T T T T T T
o o o
0 100 300 500 0 100 300 500 0 100 300 500
Sample index Sample index Sample index
X=0.45m X=0.5m X=0.55m
[ee] oo} [ee}
o o o
c o { o c o
8 o 8 o WWWM S o
9] %] 9]
ST TR . .
o o o
o o oo}
ST T T T T S T T T T T S T T T T T
o o o
0 100 300 500 0 100 300 500 0 100 300 500
Sample index Sample index Sample index
X=0.6m X=0.65m X=0.7m
o o o
o o o
c o c o = o
S o A S o A S o A
%] B »n | %] |
S o o -
o (=3 [=3
S S S
= T T T T = T T T = T T T T
o o o
0 100 300 500 0 100 300 500 0 100 300 500

Sample index

Sample index

Sample index

Fig. 12. The details of the MCMC samples of Stanton number at different streamwise locations, without the inadequacy term ». The samples are obtained by extracting the

original MCMC samples with un interval of 1000.

the different aspects of the transition process. This is in accordance
with the idea behind the design of the transition model. Specifi-
cally, C5 has a great impact on the growth of the 2nd mode, which
determines the onset of transition through Fonser, While Cq is the
multiplicative coefficient of the production term P,, which deter-
mines the growth rate of the intermittency coefficient y, hence has
a great impact on the length of the transition zone. The posterior
distribution of o is given in Fig. 9. The inadequacy term is quite
large and it may be due to the inability of the transition model
and the underlying SST turbulence model to fit the experimental
data.

The posterior model check is done by propagating the param-
eter uncertainty through the surrogate, which is constructed in
the same way as in the Bayesian calibration step. The results are
shown in Figs. 10 and 11, with and without including the model
inadequacy term n respectively. The results for the nominal val-
ues and Maximum A Posteriori (MAP) values are also shown for
comparison. As can be seen, the match between the prediction
mean and the experimental data is much better than the nominal
one, indicating a successful calibration. The 90% confidence inter-
val overlaps quite well with the experimental data, indicating the
output uncertainty can be well captured by the parameter uncer-
tainty.

It is also interesting to note that the prediction mean matches
with experimental data better than the MAP calculation. This is
because the intermittency of transition to turbulence is also ac-
counted for by the spread of the model parameters. Specifically,
the intermittency factor y of the transition model is based on
the physical observation that at a fixed location of the transitional

zone, the flow remains laminar for a portion of time and turbu-
lent for another portion of time. Thus the intermittency factor is
defined as the proportion of time that the flow remains turbu-
lent. The intermittency factor values from 0 to 1 and is directly
modeled in the k-w-y transition model, but it is further accounted
for by the spread of model parameters, i.e. at a fixed location, the
flow remains laminar for a certain parameter setup and it becomes
turbulent for another set of parameters. Thus the use of probabil-
ity distribution for model parameters somehow mimics the chaotic
or pseudo-stochastic behavior of flow transition. Similarly, in Ref.
[33], Serino et al. combined the eN method with uncertainty quan-
tification to capture the intermittency factor y as the probability
of transition, by assuming a probability distribution for the fre-
quency and the propagation angle of the oblique waves. It is also
worth noting that the experimental data for heat flux is obtained
also by averaging the measurement over a period of time, dur-
ing which the flow switches between laminar and turbulent fre-
quently. Fig. 12 gives the details of the MCMC samples of Stan-
ton number at different streamwise locations. The samples are ob-
tained by subsampling the original MCMC chain with an interval
of 1000. The spread of the Stanton number is much greater af-
ter transition onset and the intermittency-like behavior becomes
more clear if we also include the inadequacy term, as is shown
in Fig. 13.

The results for other quantities can also be obtained, with quan-
tified uncertainty. Here in Fig. 14 we give the friction drag coeffi-
cient along the streamwise direction, without including 7. There is
no experimental data available thus whether the results for Cy is
consistent or not is hard to determine.
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7. Conclusion

In this paper, an efficient Bayesian uncertainty quantification
approach is proposed, and its efficiency and accuracy are demon-
strated with application to both a simple mathematical function
and a complex fluid dynamic model, i.e. k-w-y transition model.
The uncertainty quantification framework follows closely from
Chueng et al. [5]. To avoid the formidable number of model eval-
uations in the sampling procedure, a surrogate model construction
method is proposed, combining the powerful adaptive high dimen-
sional stochastic model representation (HDMR) technique [21] and
stochastic collocation (SC) method based on generalized polyno-
mial chaos (gPC) [24]. Specifically, the exact model is approxi-
mated by high dimensional model representation, with each com-
ponent function adaptively chosen based on the relative impor-
tance, then each subproblem is solved by gPC-based SC method. In
this work, the importance indicator is defined based on the vari-
ance of the corresponding output, rather than the impact on the
output mean. This is reasonable because the input parameters that
can be well informed are the ones the model output is sensitive to.
Further, a rigorous convergence study of the approximate posterior
to the true posterior is carried out in terms of Kullback-Leibler
divergence, with increasing gPC order and HDMR truncation
order.

The application of the proposed method to the k-w-y transi-
tion model is carried out and the results show not only a quanti-
fied uncertainty overlapping with the experimental data, but also
a great improvement of the match between the prediction mean
and the experimental data. The prediction mean results are even
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better than the Maximum A Posteriori (MAP) estimates, which can
be explained by the further account of the intermittency effect of
the transition process through the spread of the input parameters.
In terms of efficiency, only 65 code runs are done in the calibra-
tion procedure, comparing the 389 code runs for gPC and ten of
thousands code runs for direct model evaluations.

The current investigation only includes one experimental set-
up, thus can be used only in a limited number of flow config-
urations. However, the sensitivity analysis for the model parame-
ters can still provide valuable information for the modeler to ap-
preciate the underlying model. Further work will involve the in-
clusion of more experimental data or direct numerical simulation
(DNS) data for model updating. A more physics-based stochas-
tic model construction is also needed to well capture the model
inadequacy.

Appendix A. Convergence study

The convergence of the proposed approach is proved below, fol-
lowing the work of Refs. [21,24]. In Theorem 1, the convergence
of the surrogate model to the true model output is proved. Then
the convergence of posterior obtained with the surrogate model is
proved in terms of the Kullback-Leibler divergence in Theorem 2,
following the similar procedure of the proof of Lemma 4.2. in Ref.
[24].

Theorem 1. Let S =Sy, n, the set of indices that the corresponding
component functions are included in the high dimensional model rep-
resentation, where N;, Ns are the corresponding superposition and
truncation dimensions. Let A//ZNP (2v)|2=3\z, the gPC-SC approximation
with the same polynomial order and the same sparse grid level for
all the subproblems. Then the surrogate model is constructed as:
Ms(@) =Y yes Xyeu (DMTVLA, (20) 1,254, If the L2 error of the
gPC approximation of all the subproblems are denoted as € and the
trunction error denoted as €, i.e.:

”///(ZVHZ:i\zV - (//ZN,J (Zv)lz:i\z,, ”L;(Z) =€ (A-l)
|- (2) — Ay, n,| < € (A2)
where .y, N, = Y ues Yveu(—DITVLZ (2y) |23\ 4, - then:

|.#(z) — .a5(2) ”Lf:(z) < € + (N5, Ne)e (A3)

for all .#(z) e [2space with the inner product induced by p(z).
Proof.

.4 (z) — .#5(z) IIfim

= [l @ — iy + i, — 16
+ 2(#(2) — My, N,) (Mn, N, — #5(2)) | p(2)d2
Also:

/ (@) — My ) P(2)dZ < €]

(A4)
(A5)

/ (Mo, — 5)?P(2)dz

2
-/ [Z S DM @) - ,/ZN,,(zv»] p(2)dz

ueS vcu

2
= (ZZ | z0) Q/ZN;,(zm) p(2)dz

ueS vcu

< / c rr;gX(I// (zv,) — AN, (2, || # (2v)) — AN, (2v))|) P(z)dz

= C12 H?E]lx . (zv,) — ~//ZN,, (zv;) ”Lg ”//[(Zvj) - '//ZNP (Zvj)”L%

<(C?e? (A.B)
[ #@ i) o, ~ 5@ p@)c2

< |.#(z) — 4y, n, ||L§m |-, n, — #5(2) ||L§m

< Cie€ (A7)
where C; = Y%, ( 3k, ( ) < 2MHINDS,

Thus from Egs. (A.4)-(A.7) we obtain:
Il.# (@) — #5@) 2, = € +Cre (A.8)

O

Remark. The theorem is formulated for the scalar model out-
put. The application to a vector model output can be written as:
I.#(z) — s, (Z)||L2( (St C(Ns, Np)e.

p(z

Theorem 2. Assume the stochastic model is constructed as Eq.
(6), then L(f) = ——1— exp(—1 _16) and posterior p(6|d) =
VemNa

% with § =d — .#(z), A is given by Eq. (7), and 0 = (z,0).
If the surrogate model .#5(z) converge to .#(z) in the L sense, i.e.
|.#;(z) —///gl.(z)”ng —-0,e—>0,e—>0for1<i<N; (A9)
Then:

D(p(0)p*(8)) ~0,€ 0,6 —0 (A10)

where Ny is the dimension of the model output, the superscript d
represents the posterior conditioned on d, the subscript S represents
the replacement of the true model by the surrogate model, and the
Kullback-Leibler divergence (KLD) is defined as:

p1(2)
D(p1llp2) :fm (Z)log< (Z))d (A1)
Proof. Let
Y = fL(f))p(0)d0 Vs = /Ls(())p(f))dl) (A12)

then y >0, ys>0. By following the definition of L(@) and Ls(@),
and utilizing the fact that e™* is Lipshitz continuous for x>0, i.e.
le* —eY| < Alx—y| for all x, y>0, where A is a positive con-
stant. Then we have:

lys — v1
- / (L(B) —Ls<0))p(0>d0\

= |[ == e e 08
v 2m)Na|A|
1 (di—;(2))? — U (di— s (2))?
- / 1_[ et A A O
T O¢
1 (- t(2))? (s (2))?
“gp @) _ skl @? o g

<“/¢H

. 2 L 2
‘H/ \/271722@ di —.#(2))* = (d; — #5,(2))*|p(8)db
nﬁZaz Il.7(2) - ///Si(z)”Lg(z)
x l12d; — 4(2) — 5@ I3z,
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Ny
=G l—! |.#(z) — s, (Z)||L§<z) (A13)
i=
where we have assumed err;= exp[—Z;—2 (d; — #(2))?] -
t

exp[—ﬁ(di — Ms, (z))?] is mutually independent for each i
and the [Ht')lder's inequality has been used.

Also we can derive:

pi(0) 1 , i )
0@ ~ 202 g((di 5 @)~ (@) + Tog T
(A14)
Therefore,
d
D(pillp) = [ pélog (%)da

Ny 1
7o 2 [ oz (=@ - - @)
x Ls(0)p(6)d + log % (A15)

Considering both y and yg are positive constants and Lg(f) is
bounded, i.e. 0 <L5(0)§ C,, we can derive:

D) < 2 22 J 1~ 25,@) - (A~ 41(2))? 1 p®)0
lo Y
Vs
2SS - M@, +[log L] (A16)
)/202',1 ' . g Vs '

The first term converges by following Eq. (A.9) and the second
term by following Eq. (A.13), thus the posterior obtained from the
surrogate model converges to the true posterior in the sense of
KLD convergence, i.e.:

D(p2(®)p*©0)) -0, —>0,e—0 (A17)
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